A comprehensive theoretical study of direct laser excitation of a nuclear state based on the density matrix formalism is presented. The nuclear clock isomer 229m Th is discussed in detail, as it could allow for direct laser excitation using existing technology and provides the motivation for this work. The optical Bloch equations are derived for the simplest case of a pure nuclear two-level system and for the more complex cases taking into account the presence of magnetic sub-states, hyperfine-structure and Zeeman splitting in external fields. Nuclear level splitting for free atoms and ions as well as for nuclei in a solid-state environment is discussed individually. Based on the obtained equations, nuclear population transfer in the low-saturation limit is reviewed. Further, nuclear Rabi oscillations, power broadening and nuclear twophoton excitation are considered. Finally, the theory is applied to the special cases of 229m Th and 235m U, being the nuclear excited states of lowest known excitation energies. The paper aims to be a didactic review with many calculations given explicitly.
Introduction
Direct excitation of a nuclear state using narrow-bandwidth laser radiation remains an outstanding experimental challenge. When achieved, potential applications in various physical fields open up. These include the development of a highly stable source of light for metrology [1] , the development of a nuclear optical clock [2, 3] , a nuclear γ-ray laser [4, 5] and a nuclear qubit for quantum computing [6] . Further, it will advance the field of experimental nuclear quantum optics [7] [8] [9] . With an expected accuracy of 1.5 · 10 −19 [3] a nuclear optical clock may even surpass the best optical atomic clocks operational today [10, 11] , having the potential for utilization in, e.g., satellite-based navigation [12] , relativistic geodesy [13] , probing for timevariations of fundamental constants [14] and the search for topological dark matter [15] .
Two different concepts of nuclear laser excitation have to be distinguished: direct excitation and excitation via the inverse electronic bridge (IEB) mechanism. In the IEB process, a virtual level of the electronic shell is excited and the energy is subsequently transferred to the nucleus. It was proposed for laser excitation of 229m Th in Refs. [16, 17] and has since then been discussed in various publications [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Generally, the IEB process is expected to * l.wense@physik.uni-muenchen.de * * palffy@mpi-hd.mpg.de result in larger nuclear excitation rates than the direct laser excitation. Here, however, purely direct nuclear laser excitation is discussed, allowing for a complete analytical treatment.
Despite the interesting expected applications, narrowband laser excitation of a nuclear state has not yet been achieved. The central reason is that conventional laser technology is making important use of the valence electrons in the atomic shell, with energies in the range of up to a few eV, while the typical nuclear energy scale extends to significantly higher energies, ranging from a few keV to up to several MeV. Thus there is no overlap between the nuclear energy scale and conventional laser technology, posing an inherent problem for direct nuclear laser excitation. One way out could be to use different ways of laser light generation, e.g. via high-harmonic generation (HHG) [31] [32] [33] [34] [35] or the use of free-electron lasers [36, 37] . Also X-ray pulse shaping that involves highly charged ions has been proposed [38] .
In fact, X-ray free-electron lasers (XFELs) already allow to generate coherent light of up to 20 keV in energy, thereby covering some of the low-energy nuclear excited states [39] . This has led to the first successful XFELexcitation of a nuclear state [40] and is expected to advance the already established field of nuclear quantum optics [7, 41, 42] . Compared to the extremely narrow bandwidths in the sub-Hz range that can be generated with atomic-shell-based laser technology, the XFEL technology with bandwidths in the range of a few eV can, however, be considered as broad-band. For this reason the technology is not suitable for the development of a nuclear clock.
In contrast, the technology of HHG has been used to generate extreme ultraviolet (XUV) light of up to 100 eV at a high repetition rate, as required for frequency combs [31] [32] [33] [34] . However, the covered XUV energy range is not sufficient in order to access most of the nuclear transitions even of low energy.
There are two confirmed exceptions of nuclear states with extraordinary low excitation energy. These are 229m Th (8.3 eV) and 235m U (76.7 eV). Here the "m" is short for "meta-stable", indicating that the nuclear excited state possesses a lifetime longer than a nanosecond. Of these two nuclear states, only 229m Th offers a realistic chance for direct nuclear laser excitation, as will be discussed at the end of this paper. One further potential nuclear excited state of low excitation energy, 229m Pa [43] , remains elusive and will not be discussed in this paper. In the following, the history of 229m Th will briefly be sketched. 229 Th was first considered to possess a low-energy excited state in 1976, when it was found that its existence enabled a consistent picture to be built on the spectroscopic observations [44] . At that time the excitation energy of this "thorium isomer" could only be estimated to be below 100 eV. However, by more than a decade long experimental efforts, the energy was first constrained to −1 ± 4 eV in 1990 [45] and later measured to be 3.5 ± 1 eV in 1994 [46] .
The existence of a nuclear excited state of below 10 eV excitation energy soon afterward raised some interest from theory [47] and a first quantitative analysis of the probability for direct nuclear laser excitation of 229m Th was published as early as 1992 [17] . Performing nuclear laser spectroscopy was proposed by Peik and Tamm in 2003 together with the proposal for the development of a nuclear optical clock [2] . Two different types of clocks have since then been discussed: the single ion nuclear clock, which is based on an individual 229 Th 3+ ion in a Paul trap [2, 3] , and the crystal lattice nuclear clock, based on multiple 229 Th ions embedded in a crystal lattice environment [48, 49] . Trapping and laser cooling of 229 Th 3+ ions as a prerequisite for a single ion nuclear clock was achieved in 2011 [50] . A recent review on the status of the nuclear clock development is provided in Ref. [51] . The proposal for the development of a nuclear clock of unprecedented accuracy has triggered a multitude of experimental efforts aiming to determine the nuclear parameters of 229m Th to higher precision. Especially the energy is of importance in this context, as it determines the required laser technology for nuclear excitation and reduces the time for laserbased scanning when searching for the nuclear excitation. The direct detection of light emitted in the isomeric decay would significantly help to pin down the energy value.
Early experiments searching for the direct detection of the isomeric decay failed to observe any signal. This can partly be explained by a correction of the measured transition energy to 7.6 eV in 2007 [52] , later slightly shifted to 7.8 eV [53] . While until today still no conclusive detection of light emitted in the isomer's decay was achieved [54] [55] [56] [57] , a 2016 measurement succeeded in the observation of electrons as emitted in the isomer's internal conversion (IC) decay channel [58] . In the IC decay the nucleus transfers its energy to the electronic shell, leading to the subsequent ejection of an electron. The observation of the IC electrons allowed for a first lifetime measurement of 229m Th contained in neutral, surface bound atoms, which was found to be about 10 µs [59] , in agreement with theoretical expectations [47, 60, 61] .
In 2018, collinear laser-spectroscopy of the electron shell of 229m Th 2+ compared to 229 Th 2+ allowed to measure the isomer-induced hyperfine shift [62] . Based on this measurement, the magnetic dipole and electric quadrupole moment as well as the mean-squared charge radius of the nucleus in the metastable state could be determined. In 2019, a successful excitation of the 229 Th 29 keV nuclear state via synchrotron radiation was reported [63] . The 29 keV state decays with a probability of 90% to the isomeric state, thereby allowing for a new way of efficient population of 229m Th. Also the 229m Th energy was constrained to a value of 8.28 ± 0.17 eV with higher precision via spectroscopy of the IC electrons emitted in the isomeric decay [64] .
Based on the direct detection of the isomer's IC decay channel [58] in combination with the short isomeric lifetime [59] and the improved energy value [64] , new concepts for direct nuclear laser excitation were presented [65] [66] [67] . These make use of IC electron detection for probing the isomer's successful excitation, which has the advantage that the detection can be triggered in coincidence with the laser pulses. In this way a large signal-to-background ratio and short times required for laser-based scanning are expected. These experiments offer the potential to determine the isomeric energy value to a precision corresponding to the bandwidth of the laser light used for scanning, thereby providing the basis for the development of a nuclear clock [67] . To support these upcoming experimental studies with a solid theoretical framework, a comprehensive analytical consideration of direct nuclear laser excitation using the density-matrix formalism is presented. The theory of direct nuclear laser excitation is identical to the theory of atomic laser excitation, with only three differences:
(i) In the interaction Hamiltonian, the electronic current density operator is exchanged by the nuclear current density operator.
(ii) For the sake of generality the theory is considered for arbitrary multipole order. This allows the discussion of nuclei other than 229 Th.
(iii) Besides the radiative decay channel, also different non-radiative decay channels have to be considered. The most important one is the IC decay.
Previous related studies are Refs. [7, 68, 69] , where the case of intense X-ray laser fields driving transitions to low-lying nuclear levels was discussed. More advanced schemes, which employ two fields to achieve nuclear coherent population transfer, were also presented [70, 71] . The theory of 229m Th laser excitation was discussed in Refs. [49, 72] and, for the two-photon case, in Ref. [24] .
This paper is structured as follows: In Sec. 2 the optical Bloch equations for the simplest case of a nuclear twolevel system are derived. In Sec. 3 the explicit form of the Rabi frequency will be obtained as an input parameter for the optical Bloch equations. Analytic solutions of the two-level optical Bloch equations for different cases will be presented in Sec. 4. The case of a nuclear two-level system consisting of sub-states will be discussed in Sec. 5 for free atoms and ions as well as for the solid-state environment. The resulting multi-state optical Bloch equations are analytically solved for laser fields of moderate intensity and a linewidth significantly broader than the one of the nuclear transition in Sec. 6. In Sec. 7 the theory of nuclear twophoton excitation will be considered. Finally, the special cases of 229m Th and 235m U will be discussed in Sec. 8 and Sec. 9, respectively.
The optical Bloch equations for a two-level system
Population transfer due to coherent laser excitation is generally described by the optical Bloch equations (see e.g.
Refs. [73, 74] ), which model the time development of the density operatorρ determining the population probabilities of the individual states. As an example for the simplified case of a two-level system, the transition between the ground-and excited state of 229 Th is shown in Fig. 1 . The starting point for the derivation of the optical Bloch equations for nuclear excitation is the quantum optical master equation in Lindblad form given in the Schrödinger pic-ture as [73, 75] 
This equation, without the term L[ρ], would be identical to the von-Neumann equation, which describes the time evolution of the density operatorρ without energy dissipation. The additional term, L[ρ], is the Lindblad superoperator (an operator with the density operator as an argument), which describes relaxation processes like spontaneous decay.Ĥ(t) =Ĥ N +Ĥ I (t) denotes the total Hamiltonian, a sum of the nuclear HamiltonianĤ N (including the influence of external constant electric or magnetic fields created by the environment), and the interaction HamiltonianĤ I (t) describing the coupling of the nucleus to the external laser field (treated as classical). The density operatorρ can be represented aŝ
where |i and |j are eigenstates ofĤ N , defined aŝ
Here ω i is the energy of the state |i . In this section the simplest case of a two-level system consisting only of ground and excited state, denoted as |g and |e , is considered. In this case, the density operatorρ(t), defined in Eq. (2), takes the explicit form
where ρ ee and ρ gg denote the population probabilities of the ground and excited nuclear state, respectively, and ρ ge = ρ * eg are the so-called coherences. Further, the nuclear Hamiltonian [Eq. (3)] takes the form H N = ω e |e e| + ω g |g g|.
(
The interaction HamiltonianĤ I (t) of the nucleus with a single-mode excitation laser in Coulomb gauge reads [68, 78] Ĥ
whereĵ is the operator of the nuclear current density, A(r, t) denotes the vector potential of the laser field defined as
with complex amplitude A 0 , angular frequency ω , wave vector k and fluctuating phase φ(t). Phase fluctuations of the laser field used for nuclear excitation lead to larger decay rates of the coherences. Further, they also influence the spectrum of the laser field [76] . In this way, broadband laser sources lead to short coherence times when used to excite the optical transitions (see Appendix A for a discussion).
Assuming linearly polarized light, the electric field E(r, t) is obtained from E = −∂A/∂t to be
where E 0 = ω A 0 was used. A similar equation for the magnetic field B(r, t) is obtained using B(r, t) = E(r, t)/c and defining B 0 = E 0 /c.
Eq. (6) can be rewritten to givê
where the time independent interaction HamiltonianĤ 0 I was introduced aŝ
For the following the interaction matrix elements U ge and U eg as well as V ge and V eg are defined as
In this way, U eg = U * ge and V eg = V * ge hold. Further, it is assumed that the laser intensity is sufficiently low to neglect the diagonal terms of the interaction Hamiltonian, which would otherwise lead to higher order processes like multi-photon excitation, discussed in Sec. 7 and Ref. [24] . Therefore one obtainŝ
Based on the definition of the density operator in Eq. (4), the population probability of the excited state |e is obtained as ρ ee = e|ρ(t)|e .
For an explicit derivation of the optical Bloch equations, first the von-Neumann term of Eq. (1) is considered. This term transforms to
In the following, only theρ ee component of the master equation Eq. (1) will be discussed. All remaining components can be obtained by similar calculations. For this purpose the unity operator1 is inserted between each operator product of Eq. (14) aŝ
Then, for the von-Neumann term one obtains
HereĤ I (t) was inserted according to Eq. (9) andĤ 0 I as well asĤ 0 † I were used as defined in Eq. (12). Next the Lindblad superoperator L[ρ] is considered, which is the second term on the right-hand side of Eq. (1). This term models various relaxation processes due to interaction with the environment. In this section only spontaneous decay of the excited state |e into the ground state |g is taken into consideration, described by the following Lindblad operator [73, 75] 
where Γ = Γ γ + Γ nr denotes the total decay rate of the excited state, including radiative as well as non-radiative decay channels (e.g., IC) with rates Γ γ and Γ nr , respectively. Importantly, here it is assumed that all decay channels are populating the same ground state. This allows us to treat the system as an effective two-level system. In reality, this condition is usually not satisfied, which requires to consider multi-level systems as discussed in Sec. 5. The remaining operators are defined asσ ge = |g e| andσ † ge =σ eg = |e g|. Using the definition in Eq. (17), a straightforward calculation reveals
Performing the same calculation also for the remaining matrix elements ρ gg and ρ ge = ρ * eg leads to the optical Bloch equations for a two-level system including relaxation in the Schrödinger picture:
− iU ge ρ ee − ρ gg e −i(ω t+φ(t))
Here ω 0 = ω e − ω g was introduced. In order to avoid the fast oscillating time dependent terms and also the huge term proportional to ω 0 , it is convenient to introduce a transformation into the rotating frame:
After this transformation, the rotating wave approximation is applied, which is valid close to resonance and consists in neglecting the fast oscillating terms proportional to e −i2ω and e i2ω . Then the optical Bloch equations take the following form:
Here the detuning ∆ω = ω − ω 0 between the angular frequency of the laser light with respect to the transition angular frequency was introduced. In case the laser spectrum possesses a Lorentzian shape with a full width at half maximum (FWHM) of Γ , averaging the equation forρ ge in Eq. (21) over the fluctuating laser phase φ(t) (see Appendix A for details) leads to the optical Bloch equations in the form:
The tilde-signs of the density matrix elements were dropped here and the decay rate of the coherencesΓ was defined asΓ
Therefore, a short coherence time of the laser light introduces an additional decay rate of the coherences [74] . In a last transformation one can substitute
to obtain (after dropping the bar signs) the optical Bloch equations for a two-level system in the final form [74] :
Here the Rabi frequency Ω eg is defined as
The explicit form of Ω eg will be derived in the following section. The optical Bloch equations for a two-level system without magnetic sub-states, Eq. (25), can be solved analytically [77] . Analytic solutions for three different cases will be discussed in Sec. 4: for zero detuning (∆ω = 0), for the low-saturation limit (ρ gg ρ ee and Γ Γ ) and for the steady-state case (ρ ee =ρ gg =ρ ge = 0). The optical Bloch equations for the more general cases of nuclear multi-level systems under different conditions (nuclei in individual atoms or ions and in a solid-state environment) will be discussed in Sec. 5.
Calculating the Rabi frequency for nuclear transitions
In order to make use of Eq. (25), the Rabi frequency Ω eg , has to be determined explicitly. Considering Eq. (26), this requires the evaluation of the absolute value of the interaction matrix element | e|Ĥ 0 I |g |. The interaction Hamil-tonianĤ 0 I can be expressed as a sum of irreducible tensor operators of multipolarity λL with magnetic index σ: 
For all following considerations it is assumed that one particular multipolarity λL dominates over the others. This allows to restrict the discussion to a pair of defined quantum numbers λL and σ. In a physical interpretation this equals a restriction to photons corresponding to either magnetic or electric multipole radiation with angular momentum L and magnetic quantum number σ. Therefore one can drop the summation, which leads to
The interaction matrix element e|Ĥ 0 σ I λL |g for magnetic multipole radiation (λ = M ) can be explicitly expressed in terms of the magnetic multipole operatorM Lσ as [68] e|Ĥ 0 σ I M L |g
Note, that compared to Ref. [68] the equation was divided by √ 2L + 1 in order to take account for a random polarization of the light used for excitation. The wave vector k of the laser light is assumed to be directed along the quantization axis of the system leading to equally probable values of σ. Here, B 0 denotes the amplitude of the classical magnetic field that drives the transition and k = ω 0 /c is the wavenumber corresponding to the nuclear transition. Similarly, for electric multipole radiation (λ = E) one obtains the interaction matrix element in terms of the electric multipole operatorQ Lσ as [68] e|Ĥ 0 σ I EL |g
with E 0 = cB 0 being defined via the classical electric driving field E as in Eq. (8) . Note, that the explicit derivation of these expressions is involved and can be found, for example, in Refs. [9, 68, 78] . The magnetic multipole operator was introduced in agreement with Ref. [78] aŝ
and the electric multipole operator as [78] 
where j and ρ denote the nuclear current density and charge distribution, respectively, and Y Lσ are the spherical harmonics. On the other hand, the radiative decay rate between the states |e and |g can be expressed as [78] 
in case of magnetic multipole radiation, and as
in case of electric multipole radiation. By using that 
The same equation holds also for the electric radiation type as can be obtained by inserting Eq. (35) into Eq. (31). Therefore we can write a generalized expression as
Note, that different parity selection rules for the cases λ = E and λ = M apply.
In a next step, the interaction matrix element [Eq. (38) ] will be expressed as a function of the laser intensity I . The total time-averaged power density per unit square (intensity) of the electromagnetic wave is given as
By applying B(r, t) = E(r, t)/c, inserting Eq. (8) for E(r, t) and using sin 2 (−(k · r − ω t)) = 1/2, one obtains
The resulting expression
Now inserting Eq. (41) for the matrix element of the interaction Hamiltonian into Eq. (29) one obtains for the Rabi frequency
The Rabi frequency contains the radiative decay rate Γ γ eg between the excited state and the ground state. The explicit form of Γ γ eg requires knowledge about the physical situation and the particular pair of sub-states under consideration. It will be derived in Sec. 5, where the nuclear hyperfine splitting (HFS) is taken into consideration. It is found that in case of isolated atoms or ions (e.g., 229 Th 3+ ions in a Paul trap), Γ γ eg can be expressed in terms of the total radiative decay rate Γ γ by means of Eq. (79). Opposed to that, in a solid-state environment Eq. (90) has to be used.
Solutions of the two-level optical Bloch equations
In this section solutions of the two-level optical Bloch equations given in Eq. (25) for different scenarios are presented. Note that Eq. (25) possesses a complete analytical solution, which was derived in Ref. [77] . In the following, however, only the three most important cases will be considered: (1) The case of zero detuning of the laser light with respect to the resonance (∆ω = 0), (2) The lowsaturation limit, which assumes the laser intensity to be low, such that the excited state is far less populated than the ground state (ρ gg ρ ee ) and (3) the steady-state solution obtained after long interrogation times. Each solution will be discussed individually.
Solution for zero detuning
The solution of the optical Bloch equations, Eq. (25), for zero detuning of the laser light with respect to the resonance (∆ω = 0) and for the initial condition ρ ee (t = 0) = 0 is known as Torrey's solution [79] . Its derivation can be found, e.g., in Refs. [74, 77] . Here, merely the result is quoted as 1
In case of |Γ − Γ |/2 > Ω eg , the sin and cos functions have to be exchanged by sinh and cosh, respectively.
Eq. (43) remains valid also if the bandwidth of the laser light Γ is significantly broader than the linewidth of the transition Γ , as the definition of the decay rate of the co-herencesΓ in Eq. (23) takes that into account.
The equation describes Rabi oscillations of the nuclear two-level system if the Rabi frequency Ω eg , obtained in Eq. (42) is larger than the decay rate of the coherencesΓ . For the development of a single-ion nuclear clock, Rabi oscillations are important, as they allow to apply the Ramseyinterrogation scheme in the clock concept, which in turn improves the clock stability to a value corresponding to the Allan deviation limited by the quantum-projection noise [80] . Using Eq. (23) for the definition ofΓ , the condition Ω eg Γ is fulfilled if Ω eg max(Γ/2, Γ /2) holds. With Eq. (42) for the Rabi frequency, the condition for observing Rabi oscillations can be expressed as
In case that the bandwidth of the laser light is broader than the nuclear transition linewidth (Γ Γ ), Eq. (44) leads to the condition for the laser intensity required to drive Rabi oscillations as
On the other hand, for Γ Γ the condition
is obtained.
The low-saturation limit
Two conditions have to be fulfilled for the low-saturation limit. These are (1) a laser intensity sufficiently low for 1 To obtain Torrey's solution in the form of Eq. (43), ρee = 1/2(1 − w) was used with w taken from Eq. (16) of Ref. [77] . ρ gg ρ ee to hold and (2) that the bandwidth of the laser light is significantly broader than the nuclear transition linewidth Γ Γ . Due to the second condition, the coherences ρ ge will relax fast to equilibrium, which allows one to setρ ge = 0. This is known as the adiabatic elimination method [81] . By further using that ρ gg ≈ 1 ρ ee , one obtains from Eq. (25)
This transforms to
and leads, after inserting into the first part of Eq. (25), to the following differential equation for ρ ee ,
which is solved for the boundary condition ρ ee (t = 0) = 0 by
Considering only the case of zero detuning ∆ω = 0, one obtains
Note, that Eq. (51) can also be obtained from Torrey's solution [Eq. (43) ] by applying the conditionsΓ Γ Ω eg . In this case one has λ ≈ (Γ −Γ )/2 and (Γ +Γ )/(2λ) ≈ 1. By further using that sinh(λt) = (e λt − e −λt )/2 and cosh(λt) = (e λt +e −λt )/2 the time dependence is correctly re-obtained.
Further, in the low-saturation limit one has Γ Γ and thus, based on Eq. (23),Γ ≈ Γ /2. Inserting this into Eq. (51) and using Eq. (42) for the Rabi frequency Ω eg , the solution of the optical Bloch equations in the lowsaturation limit reads: 
2
The excitation rate Γexc is connected to the absorption cross section σ via [74] Γexc = σI /( ω0). Therefore one has σ = λ 2 0 /(2π)·Γ γ ge /Γ , with λ0 being the wavelength corresponding to the nuclear transition.
Steady-state solution and power broadening
In the following, the optical Bloch equations of the twolevel system [Eq. (25) ] are solved for the "steady-state" case, which denotes the population densities obtained in equilibrium. The steady-state solution of the optical Bloch equations is defined by the conditionsρ ee =ρ gg =ρ ge = 0, leading to the equations
which transform to
By inserting the second equation into the first and using ρ eg = ρ * ge one obtains
Solving for ρ ee and considering that ρ gg + ρ ee = 1 results in
Eq. (57) corresponds to a Lorentzian shape of excitation, with the combined width of the laser radiation used for excitation and the width of the nuclear transition. Explicitly, the combined width is obtained as [4Γ 2 + 4Γ Ω 2 eg /Γ ] 1/2 . The effective nuclear transition width can be probed by assuming that the excitation is performed by a laser source with close to zero bandwidth, which allows to take Γ = 0, thereby leading toΓ = Γ/2. In this case one has
which corresponds to an effective linewidth (FWHM) of the nuclear transition of Γ eff = [Γ 2 +2Ω 2 eg ] 1/2 . In case that the Rabi frequency dominates over the nuclear decay rate Ω eg Γ , the effective linewidth of the nuclear transition will thus correspond to Γ eff ≈ √ 2Ω eg . This situation is well known from atomic physics as power broadening [82] .
It is convenient to introduce the saturation intensity I sat as the laser intensity that is required in order to obtain ρ ee = 1/4 in the steady-state case for zero detuning ∆ω = 0 [74] . Inserting these conditions into Eq. (57) leads to Ω 2 eg = ΓΓ , which results in combination with Eq. (42) in a value for I sat of
This expression is comparable to the laser intensity required to drive Rabi oscillations for Γ Γ given in Eq. (46) , it is, however, different from the required laser intensity for Γ Γ [Eq. (45) ].
The optical Bloch equations for multi-level nuclear systems
In this section the optical Bloch equations for the case of a nuclear system consisting of multiple nuclear levels as induced due to hyperfine-structure and Zeeman splitting will be discussed. Two different physical scenarios have to be distinguished: (1) nuclei of isolated atoms or ions, e.g., individual laser-cooled ions in a Paul trap and (2) nuclei embedded in a solid-state environment, e.g., in a crystallattice structure. These two situations lead to different nuclear level splittings for reasons that will be discussed in the following.
For both, nuclei of isolated atoms or ions and nuclei embedded in a solid-state environment, the nuclear moments (magnetic dipole, electric quadrupole etc.) interact with the fields created by the surrounding electrons, leading to the nuclear HFS. For isolated atoms or ions, in addition to the nuclear spin vector I, also the total angular momentum vector J of the electronic shell can be freely oriented, leading to a total of 2·min(I, J)+1 hyperfine sub-levels of different energies, where I and J denote the spin and the angular momentum quantum number, respectively [83] .
Opposed to that, in the solid-state environment the orientation of the electronic shell is determined by the orientation of the lattice. Therefore only the nuclear spin vector can be freely oriented, leading to a splitting into 2I + 1 sub-levels. The details of the splitting will heavily depend on the chemical bonding, which is well known from Mössbauer spectroscopy [84] .
In addition to the HFS, a Zeeman splitting will occur if an external magnetic field is applied. For the case of free atoms or ions, this will lead to an extra splitting of each of the 2 · min(I, J) + 1 hyperfine levels. In the solid-state environment an external magnetic field will induce an additional level shift of each HFS level, but no further level splitting will arise. In the following a quantitative discussion of both physical scenarios will be individually provided.
Nuclear splitting for isolated atoms or ions
Nuclear levels of isolated atoms or ions, e.g., when lasercooled and stored in a Paul trap, will experience a HFS due to coupling to the electronic shell. LetÎ be the nuclear spin operator of a considered nuclear state,Ĵ be the angular momentum operator of the shell andF =Î +Ĵ the total angular momentum operator of the system. Further, let I, J and F be the corresponding quantum numbers, then the energy shifts ∆E HFS of the different nuclear substates (labeled by the quantum number F , which takes the 2 · min(I, J) + 1 values from |J − I| to J + I with steps of 1) are given by [83] 
. Eq. (60) contains two energy terms, the first one originating from the magnetic dipole moment and the second one due to the electric quadrupole moment of the nucleus. The parameters A and B are the hyperfine constants, which are related to the nuclear magnetic dipole moment µ I as well as the spectroscopic electric quadrupole moment Q (s) via [83]
and (in case of vanishing asymmetry)
Here B el. (0) denotes the magnetic field and V zz (0) the electric field gradient at the site of the nucleus as generated by the electronic shell. Note that µ I is defined as the projection of the nuclear magnetic dipole vector µ I onto the magnetic-field axis for maximum magnetic quantum number m I = I. Therefore µ I = g I µ N I holds, with g I as the nuclear Landé g-factor, which has usually to be experimentally determined, and µ N the nuclear magneton. Importantly, Eq. (60) is fully symmetric under exchange of I and J.
A further splitting may arise as a consequence of an externally applied magnetic field. In this case, each hyperfinestructure level will split into 2F + 1 sub-states labeled by the magnetic quantum numbers m F . The energy shift experienced by an individual state due to this Zeeman splitting is [83] 
with g F the Landé g-factor of the coupled system of shell plus nucleus, µ B the Bohr magneton and B ext. the magnetic field that is externally applied. g F can be determined via [83] 
with g J the Landé factor of the electronic shell, given as
Here L denotes the orbital angular momentum of the electronic shell, S the electron spin and g el. ≈ 2 the electron g-factor.
In the following, 229 Th 3+ will be considered as an example. Assuming 229 Th 3+ to be in its 5F 5/2 electronic ground state, the total angular-momentum quantum number of the shell is J = 5/2. The quantum numbers of the nuclear spins are I g = 5/2 for the ground and I e = 3/2 for the first excited state, leading to a HFS into 2I g + 1 = 6 levels and 2I e + 1 = 4 levels for the ground and excited state, respectively. The hyperfine constants for the 5F 5/2 electronic configuration and the nuclear ground state were experimentally determined to A g /h = 82.2 MHz and B g /h = 2269 MHz [50] . Taking into account that the electronic shell state remains unchanged, for the nuclear excited state one obtains from Eqs. (61) and (62):
Here µ Ig = 0.36µ N and Q It was proposed to use a stretched pair of nuclear hyperfine states in a weak external magnetic field as a clock transition [3] . Therefore, the nuclear levels carrying the quantum numbers F g = 5 for the ground state and F e = 4 for the excited state are of particular interest. Based on Eq. (64) one obtains for the ground and excited state: g F ≈ 3/7 (independent of F g ) and g F ≈ 15/28 (for F e = 4). The corresponding splitting is shown in Fig. 2 . Taking the photon selection rules of ∆F = 0, ±1 and ∆m F = 0, ±1 into consideration, the number of individual γ lines for the HFS amounts to 12. When, additionally, also an external magnetic field is applied, the Zeeman splitting will lead to a total of 184 individual nuclear transitions.
Similar to the two-level case, discussed in Sec. 2, the starting point for the derivation of the optical Bloch equations is the quantum optical master equation in Lindblad form, Eq. (1). For the following it is assumed that nuclear ground and excited state consist of sub-states that are energy eigenstates of the unperturbed nuclear Hamiltonian and can be labeled by different quantum numbers. In this case, the density operatorρ(t), defined in Eq. (2), takes the formρ 
Note that different sublevels of the ground and the excited state have different energies due to the hyperfine interaction of the nucleus with the electronic shell, but the resulting differences can be considered to be small in comparison with the nuclear excitation energy.
Like for Eq. (12) it is assumed that the laser intensity is sufficiently low to set the diagonal terms of the interaction Hamiltonian equal to zero. By further implementing the rotating-wave approximation right from the beginning when dropping the U -components, the interaction Hamil-tonianĤ I (t), defined in Eq. (6), takes the form
where V ge and V eg are defined as previously in Eq. (11) .
The Lindblad superoperator L[ρ], that models the spontaneous decay, takes the explicit form [73, 75] 
where Γ ge denotes the partial decay rate of a particular excited sub-state to a ground sub-state. As previously Γ ge contains radiative as well as non-radiative decay channels, therefore Γ ge = Γ γ ge + Γ nr ge . A straightforward calculation, comparable to the one performed in Sec. 2, leads to the complete set of sub-state optical Bloch equations in the forṁ
(71) Here the notation ω ij = ω i −ω j as well as ∆ω eg = ω −ω eg was used and the decay rates of the coherencesΓ ge as well asΓ ee were introduced as
For typical laser intensities, Ω 2 eg /Γ ge will be small compared to the energy differences ω gg and ω ee between different sub-states of the ground and excited states or in comparison with the decoherence ratesΓ ee andΓ gg . This allows to neglect multi-photon coherences ρ ee and ρ gg and the multi-state optical Bloch equations in Eq. (71) transform to [68] 
This set of equations can only be solved numerically. An analytic solution exists, however, for the case of low saturation, which will be discussed in Sec. 6. Important input parameters are the Rabi frequencies Ω eg as well as the nuclear sub-level decay rates Γ ge . The Rabi frequencies are defined as previously in Eq. (42) , which leaves us with the derivation of the explicit form of the decay rates Γ ge = Γ γ ge + Γ nr ge . For magnetic multipole radiation, the decay rate Γ γ ge between the states |e and |g was expressed in terms of the matrix element of the magnetic multipole operator g|M Lσ |e in Eq. (34) and, similarly, for electric multipole radiation in Eq. (35) . For the following, rotational symmetry around a quantization axis determined by a constant external field is assumed. This results in the commutation of the total angular momentum operator squaredF 2 as well as its projectionF z onto the quantization axis with the nuclear HamiltonianĤ N . In this case, the energy levels are determined by the quantum numbers I, J, F and m F . Here m F is a magnetic quantum number, which labels the 2F + 1 magnetic sublevels. It is therefore convenient to choose the following sublevels of nuclear ground and excited state as basis states: |g = |α g , J g , I g , F g , m Fg , |e = |α e , J e , I e , F e , m Fe .
All remaining quantum numbers, which describe the nuclear sub-states, were combined in α. This allows one to express the matrix element of the magnetic multipole operator g|M Lσ |e in terms of the reduced matrix element by means of the Wigner-Eckart theorem (see, e.g., Eq. (C.84) of Ref. [86] ):
| α g , J g , I g , F g , m Fg |M Lσ |α e , J e , I e , F e , m Fe | = F g L F e −m Fg σ m Fe | α g , J g , I g , F g M L α e , J e , I e , F e |.
(75) Here the Wigner 3J symbol was introduced in round brackets. Its definition is given, e.g., in Ref. [86] . By further using Eq. (C.90) of Ref. [86] and inserting the resulting expression into Eq. (34) one can relate the decay rate Γ γ ge to the reduced matrix element of the magnetic multipole operator α g , I g M L α e , I e as [86] 
As before, round brackets were used for the Wigner-3J symbol and the Wigner-6J symbol was introduced in curly brackets. The definition of these symbols can be found in Ref. [86] . For the last equation it was assumed, that the atomic shell state remains unchanged with the angular momentum quantum number J g = J e = J. The obtained expression can be further simplified by expressing the reduced matrix element of the magnetic multipole operator in terms of the total radiative rate Γ γ of the nuclear transition. For this purpose the matrix element is related to the reduced transition probability B ↓ (M L) via [78] α g , I g M L α e , I e 2 = (2I e + 1)B ↓ (M L).
Inserting Eq. (77) into Eq. (76) and using the definition of the total radiative decay rate for magnetic multipole radiation in terms of the reduced transition probability [78] Γ γ = 2µ 0 (L + 1)
the final expression for the partial radiative decay rates is obtained as
This expression is identical to what is known from atomic physics (see, e.g., Ref. [87] ), with the important difference that I and J appear interchanged and arbitrary multipole order L is considered. A comparable calculation can also be performed for electric multipole radiation, leading to the identical expression. By applying the orthogonality relations of the Wigner symbols (see, e.g., Ref. [88] ) one can show that the total radiative decay rate is obtained by summation over all ground-level sub-states, just as expected:
The sum over σ can be added without changing the result, as for defined ground and excited state only one term is non-zero.
Although it might be very hard to calculate the partial non-radiative decay rates Γ nr ge explicitly, the sum over all ground states will lead to the total non-radiative decay rate Γ nr :
The expression of the partial non-radiative decay rates via the total non-radiative decay rate depends on the specific type of the process and cannot be written in the general case. For the demonstration purposes we assume at this point the simplest case that all partial non-radiative decay rates are identical. This results in Γ nr ge ≈ Γ nr 4JI g + 2(J + I g ) + 1
.
Here, the denominator corresponds to the sum over all possible ground states. 3 
Nuclear splitting in a solid-state environment
The laser irradiation of nuclei embedded in a solid-state environment is similar to the case of Mössbauer spectroscopy [84] . An energy splitting into 2I + 1 sub-states caused by a magnetic field B at the point of the nucleus will arise with energy spacing ∆E Zeeman = g I µ N m I B.
This expression equals Eq. (63), however with m I and g I instead of m F and g F . A further shift of the magnetic sub-states arises due to the energy of the nuclear electric quadrupole moment in the electric field gradient generated by the electronic shell. This energy shift is quantitatively expressed for vanishing asymmetry by [84] 
Here Q (s) denotes the spectroscopic quadrupole moment of the nucleus and V zz (0) the second derivative of the electric potential at the point of the nucleus. The case of nonvanishing asymmetry is discussed, e.g., in Refs. [89, 90] .
Of particular interest in this context are 229 Th nuclei embedded in a crystal lattice environment consisting, e.g., of a CaF 2 or a LiSrAlF 6 crystal [54, 57] . In both cases 229 Th ions will exhibit a 4+ charge state when grown into the crystal lattice structure. For this reason the electronic shell is closed and the magnetic field at the point of the nucleus is expected to be weak. In case that the electric quadrupole shift, given in Eq. (84), dominates the nuclear energy splitting, e.g., when 229 Th 4+ is embedded in a CaF 2 crystal with charge compensation, the splitting will arise as shown in Fig. 3 [49] .
The derivation of the optical Bloch equations for the solidstate environment can be found in Appendix B. Here merely the result is given for the case that Ω 2 eg /Γ ge is small compared to the energy differences ω gg and ω ee between different sub-states or in comparison with the decoherence ratesΓ ee andΓ gg between sub-states. In this case one 
HereΓ ge is defined as
Considering the condition for Ω 2 eg /Γ ge , the only difference of Eq. (85) to the optical Bloch equations for free atoms or ions, given in Eq. (73) , are the additional terms containing the sub-level decay rates γ gg and γ ee , which describe the sub-level mixing as induced by the environment. The Rabi frequencies are defined exactly as in Eq. (42), therefore in the following we will focus on the derivation of the explicit form of the decay rates. For magnetic multipole radiation Γ γ ge can be expressed in terms of the magnetic multipole operator by means of Eq. (34) . As previously, rotational symmetry around a quantization axis determined by a constant external field of the environment is assumed. This time, this results in the commutation of the nuclear angular momentum operator squaredÎ 2 as well as its projectionÎ z onto the quantization axis with the nuclear HamiltonianĤ N . We choose therefore states with particular quantum numbers I and m I as basis states. All 
where it was assumed that the parity condition for the transition is fulfilled. Inserting this into Eq. (34) one obtains
Now applying Eqs. (77) and (78), the partial radiative decay rate is related to the total radiative decay rate Γ γ via Γ γ ge = (2I e + 1)
In this way
holds. Further, assuming as before that the partial nonradiative decay rates can be approximated as being identical for all sub-states, one has
The multi-state optical Bloch equations for the solid-state environment [Eq. (85)] can, in general, only be solved numerically. However, under certain conditions, which are fulfilled in case of the low-saturation limit (see Sec. 4.2), an analytic solution exists. This situation will be discussed in the following section.
The low-saturation limit considering sub-states
In this section the optical Bloch equations of a multilevel system [given in Eq. (85)] will be analytically solved under the assumption that the nuclear transition is driven with moderate laser intensities and a laser bandwidth significantly broader than the natural linewidth of the nuclear transition. These conditions are known as the lowsaturation limit (see Sec. 4.2).
In the low-saturation limit the extra terms in Eq. (85) , which describe the population mixing of the sub-states, can be dropped. This is the case, as for low laser intensities the ground-level population will practically not change, while for the excited level only the total population is of interest. Therefore Eq. (85) will effectively transform to the optical Bloch equations for isolated atoms or ions, Eq. (73) . Further, as the bandwidth Γ of the excitation light is assumed to be significantly larger than the "bare" optical decoherence rates caused by the interaction with the environment, from Eq. (86) it follows thatΓ ge is independent of g and e (Γ ge =Γ ). Under these conditions, the optical Bloch equations, Eq. (73), reaḋ
For Γ significantly larger than the typical evolution rate of the system, the coherences ρ ge will relax fast to equilibrium. In this case, one can setρ ge = 0, which is known as the adiabatic elimination method [81] . Further using that, in the low-saturation limit, the excited states will be much less populated than the ground states: ρ gg ρ ee and g ρ gg ≈ 1 and that all sub-states of the ground level will be equally populated [ρ gg ≈ 1/(2I g +1)], Eq. (94) simplifies to
By solving for ρ ge one obtains
Inserting this expression into Eq. (93) leads tȯ
From previous discussions it is known that
The differential equation Eq. (98) is then solved for ρ ee (t = 0) = 0 by
In the following, the energy differences between different sub-states of the excited and ground states (ω ee and ω gg ) are assumed to be small in comparison either with the total decoherence rateΓ , or with the detuning ∆ω eg . This allows to replace ω eg by some characteristic averaged value ω 0 and ∆ω eg by ∆ω. 
Considering the case of zero detuning of the laser light with respect to the nuclear transition ∆ω = 0 and using that, based on Eq. (23), for the low-saturation limit with Γ Γ one hasΓ ≈ Γ /2, one arrives after multiplication with the total number of irradiated nuclei N 0 at the final expression for the time dependent number of nuclear excitations as
This expression is comparable to Eq. (52) obtained for the two-level system after multiplication with (2I e + 1)/(2I g + 1). It is emphasized that the same result can also be obtained via the Einstein rate equations, which are valid for the considered case of the low-saturation limit and a transition linewidth smaller than the width of the laser light (see for example Ref.
[65] 4 ).
As previously, the nuclear excitation rate Γ exc can be estimated based on Eq. (104) asṄ exc (0) to be
which is in full correspondence with Eq. (53) obtained for the two-level system.
Nuclear two-photon excitation
The theory of nuclear two-photon excitation was extensively discussed by Romanenko et al. in 2012 [24] . The concept is intriguing, as it would allow to use the easier accessible wavelength of about 300 nm for laser excitation. Also, if a frequency comb is used for spectroscopy, all comb-modes would contribute in a two-photon excitation scheme. In the following, two-photon excitation for pure nuclear laser interaction will be considered, corresponding to the case of a bare nucleus without taking shell-related effects into account. In this case, the interaction Hamiltonian contains the nuclear current density operator only, just as defined in Eq. (6) .
For simplicity it is assumed that the system is a two-level system, as discussed in Sec. 2. In case of two-photon excitation the diagonal terms ofĤ I have to be taken into consideration. Thus Eq. (12) becomeŝ
Here V g and V e are defined as
In Ref. [24] it was shown that, after transformation into a rotating frame, similar to the transformation applied in Eq. (20), but with a frequency of 2ω for the two-photon excitation, keeping terms proportional to V eg /ω and averaging over fast oscillation, the optical Bloch equations for two photon excitation effectively read 5
(108) Here δ is defined as the two-photon detuning δ = ω 0 −2ω , with ω the angular frequency of the laser light, which is assumed to be close to half of the transition frequency ω 0 . Considering two-photon excitation of nuclei at rest, using a propagating monochromatic wave,Ṽ eg and S eg take the following form [24] :
In analogy to Eq. (25), Eq. (108) can be transformed tȯ 5 The expansion coefficients used in Ref. [24] can be transformed to the density matrix formalism using the definitions ρee = cec * e , ρgg = cgc * g , as well as ρge = cgc * e and ρeg = cec * g .
with the two-photon Rabi frequency defined asΩ eg = 2|Ṽ eg |. In the following, the explicit form ofΩ eg and S eg will be derived.
Based on Eq. (11) in combination with Eq. (41) one obtains
In order to determine V g and V e based on their definitions, Eq. (107), g|Ĥ 0 I |g and e|Ĥ 0 I |e has to be calculated. Considering first the matrix element for an individual magnetic sub-state with identical initial and final state, one obtains for the magnetic dipole term (L = 1) from Eq. 
where in the last step the definition of the magnetic dipole moment µ was used as [78] µ = 4π 3 α, I, I|M 1 |α, I, I .
By inserting Eq. (115) into Eq. (114) and using the explicit form of the Wigner-3J symbol: 
This leads to
with µ g and µ e the magnetic dipole moments of the ground and excited nuclear state, respectively.
Based on the above considerations, a straightforward calculation reveals that the two-photon Rabi frequencyΩ eg as well as S eg take the following form close to the twophoton resonance ω ≈ ω 0 /2:
Here Eq. (40) for the laser intensity was used. Note, that the two-photon Rabi frequency is proportional to the laser intensity, while the single-photon Rabi frequency, Eq. (42), only depends on the square-root of the laser intensity.
The two-photon optical Bloch equations for a two-level system without magnetic sub-states, Eq. (110), possess a complete analytical solution, which is obtained by substituting the laser detuning with δ +S eg in Ref. [77] . For simplicity, only the low-saturation limit is discussed, following the same procedure already presented in Sec. 4.2. Applying, as before, the adiabatic elimination method [81] , which allows to setρ ge equal to zero and using that ρ gg ≈ 1 ρ ee , one obtains as a differential equation for ρ ee :
For the low-saturation limit one has Γ Γ and thus, based on Eq. (23),Γ ≈ Γ /2.
The excitation rate Γ exc per nucleus can be approximated asρ ee (0) and, for the case of zero two-photon detuning, (δ = 0) one obtains
In the last approximation it was used that, for realistic parameters,Γ S eg holds. By inserting expression (120) forΩ eg , the nuclear two-photon excitation rate can be estimated as
(124)
Similar to the single-photon cross section [74] , the twophoton cross section σ is connected to the excitation rate via Γ exc = σI 2 /( ω 0 ) 2 . Thus one obtains
The probability for direct nuclear two-photon excitation is generally extremely low. The reason is that for nuclei, the magnetic dipole moments µ g and µ e are of the order of the nuclear magneton µ N , while for atomic shell transitions the Bohr magneton µ B has to be inserted instead.
As the ratio of the nuclear magneton to the Bohr magneton is µ N /µ B ≈ m e /m p ≈ 5.4 · 10 −4 and the excitation rate scales with the magnetic moments squared, the probability for direct nuclear two-photon excitation has to be expected to be about 7 orders of magnitude suppressed compared to two-photon excitation of atomic shell states.
As from the excitation of atomic shell states it is known, that two-photon excitation is usually about four orders of magnitude less efficient than one-photon excitation, there is a total of 11 orders of magnitude that have to be bridged between one-photon and two-photon excitation of the nucleus. This makes the direct two-photon excitation of nuclei very inefficient, even when considering the advantage of a longer wavelength that could be used for excitation. However, it has been argued (e.g., in Refs. [24, 27, 91] ) that the excitation rate might be drastically enhanced due to shell-related effects that have not been taken into consideration in the above discussion.
The case of 229m Th
In the previous sections the general theory of nuclear laser excitation was introduced. In the following, the special case of 229m Th will be discussed, which involves the lowest known nuclear excitation energy. The isomer (spin and parity 3/2 + , Nilsson quantum numbers [631]) to ground state (5/2 + [633]) transition is of multipolarity M 1 + E2 with a recently measured energy of (8.28 ± 0.17) eV [64] .
For γ decay and IC in neutral thorium, considered in this work, the E2 channel is negligible [92] and only the M 1 multipolarity will be taken into consideration. From the theory of multipole radiation [Eq. (78) ], the radiative transition rate Γ γ for a magnetic transition of multipolarity L = 1 is obtained to be
In nuclear physics it is common to measure the reduced transition probability B ↓ (M L) in Weisskopf units. One
Weisskopf unit (1 W.u.) corresponds to the value that B ↓ (M L) would take when approximated based on the nuclear single-particle shell model. For arbitrary magnetic multipole order L the Weisskopf unit is defined as [93] 1 W.u.(M L) = 10 π
Here R = 1.2A 1/3 N fm is the nuclear radius (where A N denotes the mass number) and µ N = 5.051 · 10 −27 J/T denotes the nuclear magneton. For the considered case of L = 1 one obtains 1 W.u. = 1.79 µ 2 N . There is no complete agreement on theoretical predictions of B ↓ (M 1) for 229m Th in literature. The predicted values differ by a factor of about 10 between ∼ 5.0 · 10 −3 W.u. and 4.55 · 10 −2 W.u. [61, [94] [95] [96] . Here we conservatively assume B ↓ (M 1) = 5 · 10 −3 W.u., which corresponds to the most recent value [96] . Further, it is on the lower limit of the expected reduced transition probability and for this reason leads to the smallest photonic coupling. With this assumption one obtains from Eq. (126) for the 229 Th isomer-to ground state transition Γ γ ≈ 9.0 · 10 −5 Hz, corresponding to a radiative lifetime of τ γ = 1/Γ γ ≈ 1.1 · 10 4 s. Such a long lifetime would occur if only the radiative decay channel were present. However, for 229m Th there is a strong coupling between the nucleus and the electronic shell, which leads to a rapid isomeric decay via IC, if energetically allowed [47, 60, 61] . The isomeric energy of ∼ 8.3 eV is above the first ionization potential of thorium of 6.3 eV [97] . Therefore isomeric decay via IC is energetically allowed in the neutral thorium atom, and was experimentally confirmed [58, 59] . Only if thorium is charged, the IC decay channel is suppressed. However, even in this case a non-radiative decay via, e.g., electronic bridge mechanisms, might be dominant [47] . The IC coefficient α ic for neutral thorium was numerically calculated, leading to α ic ≈ 10 9 [47, 60, 61] . The result is a shortened isomeric lifetime under IC of τ ic = τ γ /α ic ≈ 10 µs, as was recently experimentally verified [59] . Nuclear laser excitation of neutral atoms of 229 Th was proposed in Refs. [65] [66] [67] . The concept makes use of the short IC decay channel, which allows to trigger the IC electron detection in coincidence with the laser pulses, thereby leading to a high signalto-background ratio as well as short scanning times and offering the potential for a significantly improved 229m Th energy determination.
In the following, the case of nuclear laser excitation of 229 Th ions in a Paul trap is considered as proposed for the nuclear clock concept [2, 3] . For this case it is assumed that the IC decay channel is suppressed (α ic = 0) and that no significant electronic bridge channels occur, leading to a total lifetime that equals the radiative lifetime: Γ = Γ γ ≈ 9.0 · 10 −5 Hz. Further, in such a scenario the bandwidth of the laser light is expected to be significantly broader than the nuclear transition linewidth Γ Γ and for the following calculations the nuclear transition is assumed to be excited by one comb tooth of a VUV frequency comb (generated via HHG) providing Γ = 2π ·1 Hz bandwidth. For the operation of a single-ion nuclear clock, it is important to drive Rabi oscillations of the nuclear system as it allows to use the Ramsey interrogation scheme, thereby improving the expected clock stability to a value limited by the quantum-projection noise [80] . For the given parameters, the laser intensity required to drive Rabi oscillations is estimated based on Eq. (45) to be
The identical condition also follows from Eq. (53), if Γ exc = Γ = 2π · 1 Hz is assumed. A laser intensity of significantly larger than 4 mW/cm 2 in an individual comb tooth of a frequency comb with 2π ·1 Hz bandwidth at about 150 nm is experimentally conceivable. For comparison: the maximum reported power of an individual comb tooth in the XUV (at about 97 nm) amounts to ∼ 14 nW [34] . This was achieved in the 11th harmonic of an Yb-doped fiber frequency comb, generated via cavity-enhanced HHG. For nuclear laser excitation of 229 Th, the 7th harmonic (around 150 nm) would be required, which is known to provide a by a factor of about 10 larger power of ∼ 140 nW compared to the 11th harmonic [98] . When focused to a spot diameter of 10 µm, a laser intensity of about 180 mW/cm 2 is obtained, which is sufficient for driving nuclear Rabi oscillations. Although efforts are required to narrow down the mode bandwidth and improve the knowledge about the isomer's transition energy, no conceptual hindrance is seen (see Ref. [67] for details).
Once narrow-band VUV lasers for the nuclear isomeric transition are available, one could also think of implementing a nuclear qubit for quantum computing. This was previously mentioned in Ref. [99] , however without providing any further information. Here we briefly sketch future possibilities for this application. 
Here the angular frequency ω 0 = 1.15 · 10 17 Hz was used.
The calculated laser intensity of 3.0 · 10 20 W/cm 2 per individual comb tooth is prohibitively large for the direct laser excitation of 235m U. As discussed in the previous section, the maximum reported XUV frequency comb intensity amounts to 180 mW/cm 2 at 150 nm, which is by about 21 orders of magnitude lower than the minimum intensity required to drive Rabi oscillations of 235m U. The problem gets even worse when considering that a higher harmonic order would be required for excitation. Nevertheless, laser excitation of 235m U could potentially be achieved via a sophisticated electronic bridge scheme in the 7+ charge state [104] .
Summary
A detailed discussion of the theory of direct nuclear laser excitation using the density matrix formalism is presented. 
Appendix A: Averaging over fluctuations of the laser field
The influence of phase fluctuations on the excitation of optical transitions has been studied in a number of works, e.g., in Refs. [106, 107] . Here the respective analysis for the particular case of δ-correlated phase fluctuations is presented, described by the equations
This δ-correlated description takes account for the fact that the typical correlation times of phase fluctuations are significantly shorter than the typical evolution times of the system. The brackets denote the ensemble average and the correlation function defined as [76] b
and
respectively. Different indices i denote different systems in the ensemble. This correlation corresponds to a Lorentzian shape of the laser spectrum with FWHM = Γ , as will be shown in the following. First, an averaging of Eqs. (21) over these fluctuations is performed. This set of equations is degenerate, but the degeneracy can be waived with the help of the normalization condition i ρ ii = 1. It can be written in matrix form aṡ
where the column vectorρ consists of matrix elements of the density matrixρ, the matrix M is time-independent, S is a constant vector appearing due to the normalization condition, and N(t) is a fast fluctuating diagonal matrix proportional toφ, whose only non-zero elements are iφ (corresponding to elements ρ eg ), and −iφ (corresponding to ρ ge ):
The solution of the equation (135) can be represented as a sum of two terms, slowly and rapidly varying in time, as in [24] :ρ (t) =ρ 0 (t) +ρ (t).
The slow termρ 0 = ρ 0 varies with a characteristic time of order of the inverse eigenvalues of the matrix M, and the fast termρ varies with a characteristic time of order of the correlation time of the noise terms. It is adopted that the average value of the rapidly oscillating terms vanishes over times much longer than the correlation time of the phase noise terms, but much shorter than the characteristic evolution time of the slow terms; the same is correct for the ensemble average, i.e., ρ = 0, andρ 0 = ρ 0 . Then the equation (135) giveṡ ρ 0 +ρ = M · ρ 0 +ρ + N(t) ρ 0 +ρ +S.
The underlined terms fluctuate rapidly, and vanish after having been averaged over the ensemble, as well as over the time longer than the correlation time of the phase noise. The twice underlined term consists of a product of rapidly fluctuating terms and may contain a slowly varying component. This allows to writė ρ 0 (t) =M ·ρ 0 (t) +S + N(t)ρ (t) ,
ρ (t) =M ·ρ (t) + N(t)ρ 0 (t).
The solution of Eq. (140) can be written as
where it was used thatρ 0 is a slow variable. Substituting this into Eq. (139) and using Eqs. = 2E 0 cos(ω t + φ(t)).
(144)
According to the Wiener-Khinchin theorem [76] , the power spectral density S E (f ) of the signal E(t) may be expressed through its autocorrelation function R E (τ ) as
R E (τ ) = E(t)E(t + τ ) .
Here f = 2πω is the ordinary frequency. Suppose that the phase fluctuations are Gaussian, then, using the relation for Gaussian random phases
after some algebra, the autocorrelation function R E (τ ) can be expressed as 
where L sp contains spontaneous decay of the excited states to the ground states and was already defined in Eq. (70) . L od models the loss of coherence between excited and ground states due to some random process shifting the levels with respect to each other. In the considered example this is introduced by the laser light with bandwidth Γ and L od takes the form , respectively, describe transitions between different magnetic sub-states due to non-controllable fluctuations of the local magnetic field created, e.g., by spin changes in the environment as well as variations of the local electric field gradient caused by thermal motion of the atoms in the solid-state environment. The population mixing between different sublevels of the ground (i, i = g, g ) or excited (i, i = e, e ) states is defined by the Lindblad operator
where γ gg and γ ee denote the decay rates between different sub-states of the same level. L md takes account for loss of coherence between different magnetic sub-states caused by the same reasons. This can be described by 
whereγ gg andγ ee denote the decoherence rates between different sub-states. The complete set of sub-state optical Bloch equations in case of laser excitation in a solid-state environment is then obtained in the form [49, 72] ρ ee = − i (154)
As previously, ω ij and ω eg were defined as ω ij = ω i − ω j and ∆ω eg = ω − ω eg . This time, the decay rates of the coherences are obtained in the form: 
In the case that Ω 2 eg /Γ ge is small compared to the energy differences ω gg and ω ee , or in comparison with the decoherence ratesΓ ee andΓ gg , again it is possible to neglect the two-photon coherences ρ ee and ρ gg and Eq. (154) transforms to Eq. (85).
